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Abstract  
An alteration zone may be clearly expressed in an image of a spectral band ratio, as 
long as the spatial variation of its tonality is strong enough. A measure of the spatial 
variation of the target of interest (in our case the alteration zone) can be the 
semivariogram of the band ratio.  
In the present paper, the spatial variation of the band ratio, in terms of the statistical 
behavior of the individual bands, is studied. The semivariograms of the individual 
bands is simulated by the stable semivariogram model, which is quite flexible in 
describing the spatial variation of the tonality. The correlation between the spectral 
bands is also taken into account. Using proper distributions for the reflectance of 
individual bands and taking into account theorems of statistics, a mathematical 
expression for the semivariogram of the spectral band is derived. This expression 
provides information about how the spatial variation of the band ratio is affected by 
the statistical parameters of the individual bands. Experimentation with satellite 
images shows that theoretical predictions agree with real data. 
The results and conclusions of this paper may help in assessing the efficiency of the 
images of spectral band ratios over potential mineralization zones. 
Key words: Spectral band, band ratio, semivariogram, stable model, alteration 
zone. 
Περίληψη 
Μια ζώνη υδροθερμικής εξαλλοίωσης μπορεί να αποτυπωθεί ευκρινώς σε εικόνα 
λόγου φασματικών ζωνών, στο βαθμό που η χωρική διαφοροποίηση της τονικότητας 
είναι έντονη. Ένα μέτρο της χωρικής διαφοροποίησης των αποτυπωνόμενων στην 
εικόνα σχηματισμών είναι το ημιβαριόγραμμα του λόγου φασματικών ζωνών. 
Στην παρούσα εργασία μελετάται η χωρική διαφοροποίηση του λόγου φασματικών 
ζωνών, σε συνάρτηση με τις στατιστικές παραμέτρους των επιμέρους ζωνών. Η 
χωρική διαφοροποίηση της κάθε ξεχωριστής ζώνης προσεγγίζεται με το σταθερό 
μοντέλο ημιβαριογράμματος, που είναι αρκετά ευέλικτο στο να περιγράφει τις 
διακυμάνσεις της τονικότητας των εικονοστοιχείων στο χώρο. Αξιοποιώντας 
κατάλληλες κατανομές και θεωρήματα της στατιστικής, και λαμβάνοντας ακόμα 
υπόψη τη συσχέτιση μεταξύ των φασματικών ζωνών, συνάγεται μια μαθηματική 
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έκφραση για το ημιβαριόγραμμα του λόγου φασματικών ζωνών. Με βάση αυτήν την 
έκφραση μελετάται το πώς διαμορφώνεται η χωρική διαφοροποίηση του λόγου 
φασματικών ζωνών από τις στατιστικές παραμέτρους της κάθε ξεχωριστής ζώνης. Στη 
συνέχεια, ο πειραματισμός με δορυφορικές εικόνες δείχνει συμφωνία μεταξύ 
θεωρητικών προβλέψεων και πραγματικών δεδομένων. 
Τα πορίσματα αυτής της εργασίας μπορούν να αξιοποιηθούν στην παραγωγή 
ψηφιακών εικόνων βελτιωμένης αξιοπιστίας, με σκοπό των εντοπισμό πιθανών 
μεταλλοφόρων ζωνών.  
Λέξεις κλειδιά: Φασματική ζώνη, λόγος φασματικών ζωνών, ημιβαριόγραμμα, 
σταθερό μοντέλο, ζώνη εξαλλοίωσης. 
 
1. Introduction  
It is well known (Parcharidis et al. 1999; Gupta 2000; Skianis et al. 2012) that the image of the 
simple spectral band ratio u between two bands with reflectances x and y may be useful in 
detecting alteration zones, which are potentially associated with hydrothermal mineralization. The 
ratio u is defined by: 
Equation 1 - definition of the band ratio 
y
x
u   
x and y may be, for example, the reflectance of band 5 (SWIR 1) and band 7 (SWIR 2) of the 
Landsat Thematic Mapper, respectively. They can also be reflectances at SWIR band and blue or 
red band. A reliable measure of the clarity by which the target of interest appears in the band ratio 
image, can be the intensity of its spatial variation, which may be represented by the semivariogram 
of the image (Woodcock et al. 1988a, 1988b; Curran 1988; Lacaze et al. 1994; Atkinson 2001; 
Garrigues et al. 2007).  
The semivariogram γx(h) of band x is defined by (Liang 2004): 
Equation 2 - definition of the semivariogram 

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pi is the position of a pixel with a certain reflectance value at band x. pi + h is the position of a 
pixel at distance h from that at position pi. N is the number of pairs of pixels at distance h each 
other. In a similar way, the semivariograms γy(h) and γu(h), of band y and ratio u, respectively, may 
be defined.  
The definition of the semivariogram, according to equation 2, does not provide much insight about 
how the spatial variation of the individual bands controls that of the band ratio. This is the subject 
of the present paper. First, a mathematical expression for the semivariogram γu(h) of the simple 
band ratio, in terms of the semivariograms of x and y, is derived. For such a purpose, proper 
positively skewed distributions are used in order to model the histograms of bands x and y 
(Vaiopoulos et. al. 2004) and small variances of x and y are assumed, in order to neglect terms of 
order higher than one in the Taylor expansion of u(x, y) (Skianis 2012; Skianis & Vaiopoulos 
2012). The semivariograms of x and y are simulated by the stable semivariogram model, the 
parameters of which may produce a wide variety of spatial variation patterns. Then, the behavior 
of the expression for γu(h) is studied in order to see how the spatial variation of u is controlled by 
the parameters of the semivariograms γx(h) and γy(h), as well as by the correlation coefficient 
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between x and y. Finally, the validity of this mathematical formula is tested by experimentation 
with satellite images over areas of hydrothermal activity.   
2. The Semivariogram of the Spectral Band Ratio 
The first step to derive a mathematical expression for the semivariogram of the spectral band ratio 
γu(h) is introduce a semivariogram model to describe the spatial variation of x and y bands. In this 
paper, the stable model is introduced, which is defined by (Liang 2004): 
Equation 3 - the stable semivariogram model  

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a is the sill of the semivariogram and b is the range. Parameter c takes values between 0 and 2. The 
same expression can be used to describe γy(h). 
In Figure 1 the stable semivariogram model for various values of c is presented. It can be observed 
that for c = 0, γx(h) (or γy(h)) is a straight horizontal line, which presents a nugget effect at h = 0 
(the semivariogram takes a value which is other than zero). As long as c increases, the convexity 
of the semivariogram at low h values changes. For c less than unity, the spatial variation of x is 
relatively strong at small h values, compared to that of c values between 1 and 2. 
 
Figure 1 - The stable semivariogram model of x and y bands for various c values. a=b=1. 
Parameter c provides the semivariogram model with a certain flexibility, in order to describe 
various types of spatial variation.  
Assuming that the variances of x and y are small enough in order to linearize the expression of u in 
terms of x and y, and taking into account a well known theorem of statistics, it can be proved 
(Skianis 2012, Skianis and Vaiopoulos 2012) that the semivariogram γu(h) of the simple band ratio 
u is related to γx(h) and  γy(h) by: 
Equation 4 - the semivariogram γu(h) 
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ρ is the correlation coefficient between bands x and y.  
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The mean values <…> can be found, assuming that the histograms of bands x and y may be 
modeled by simple positively skewed distributions and that mean values <x>  and <y> are constant 
along the whole images of the spectral bands (Vaiopoulos et. al. 2004, Skianis 2012). Making 
these necessary calculations and recalling equation (3) for γx(h) and γy(h), equation (4) becomes:  
Equation 5 - the final expression for γu(h) 
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Var(x) and Var(y) are the variances of spectral bands x and y, respectively. b1 and b2 are the ranges 
of the semivariograms of x and y, respectively. c1 and c2 are the values of c for the semivariograms 
of  x and y, respectively.  
Equation (5) provides the theoretical background to study the spatial variation of the simple band 
ratio u, in terms of the spatial variation of the spectral bands x and y. It is obvious that the sill of 
the semivariogram γu(h) depends on the ratio Var(x)/Var(y), as well as on the correlation 
coefficient ρ between the spectral bands x and y. 
In Figure 2, it can be seen how the form of the semivariograms x and y, which is controlled by the 
parameter c, influences the behavior of  γu(h). For c = 0, a horizontal semivariogram curve is 
produced. For c = 2, the curve γu(h) is convex for small values of h. For c = 1, the curve  γu(h) is 
concave.  
 
Figure 2 - The semivariogram of u for various values of c, which is common for the 
semivariograms of x and y. Var(x)=Var(y), ρ=0,5, b1=b2=1. 
In Figure 3 and Figure 4, it can be seen how the parameters c1 and c2 influence the shape of  γu(h), 
for various values of  the correlation coefficient ρ. For c1 =1 and c2 = 2 and  small h values, the 
curve  γu(h) is convex. On the other hand, the curve is concave for c1 =2 and c2 = 1. The sill of the 
semivariogram of u decreases, as long as ρ increases.  
In Figure 5 it can be seen how different c1 and c2 values produce semivariograms γu(h) with 
different characteristics. When c1 or c2 is equal to zero, a nugget effect is produced at h = 0. For c1 
and c2 different from zero, the curve γu(h) starts from the origin of the axes.  γu(h) is convex at 
small h values, for c2 = 2 and c1 equal to zero or unity. In such a case the semivariogram γu(h) 
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reaches the sill at lower h values than a concave semivariogram, like that of c1 = 2 and  c2 = 1 
does. 
 
Figure 3 - The semivariogram of u for c1=1 and c2=2. Var(x)=Var(y), b1=b2=1. 
 
Figure 4 - The semivariogram of u for c1=2 and c2=1. Var(x)=Var(y), b1=b2=1. 
 
Figure 5 - Semivariograms γu(h) for various c1 and c2 values. Var(x)=Var(y), ρ=0,5, b1=b2=1. 
3. Methodology of Experimentation with a Multispectral Image 
One of the main objectives of the present study is to examine and compare the actual 
semivariograms of satellite imagery (depicting hydrothermal activity and/or mineralization), with 
the theoretical semivariograms, which can be calculated from equations 3 and 5. The scope of the 
above objective is to observe and measure how well the theoretical models can fit and predict the 
real data. 
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As stated in the introduction, the semivariograms of interest are those of band 5 and band 7 of the 
Landsat 7 satellite image, as well as the spectral band ratio band5/band7, which can provide 
valuable information for tracking and mapping hydroxyl-bearing minerals which are related with 
hydrothermal activity (Parcharidis et. al. 2001, Bodruddoza and Fujimitsu 2012). 
Specifically, the methodology in order to obtain the theoretical semivariogram of the band ratio, is 
described below: 
1. First of all, Landsat-7 ETM+ imagery over Milos Island, Aegean Sea, is acquired. It is 
well known that hydrothermal activity and mineralization is developed in this area (Naden 
et al. 2003). 
2. Secondly, the actual semivariograms of bands 5 and 7 are calculated, using equation (2). 
3. Then, the actual semivariogram of band ratio 5/7 is calculated, using the same equation. 
The calculations of step 1 and step 2, as well as the calculation of the correlation 
coefficient between the spectral bands, were performed with a Matlab program, which was 
developed for the purpose of the present study. 
4. Afterwards, the theoretical semivariograms of bands 5 and 7 are estimated, assuming that 
the actual semivariogram can be approximated with proper calibration of the stable 
semivariogram model. This model is expressed in equation 3. Parameters a and b (sill and 
range respectively), are now known, since they can be obtained from the previously 
calculated actual semivariograms of step 2. Parameter c needs manual adjustment and 
experimentation for fine tuning. The value of c, which yields the best approximation of the 
actual semivariance curve, is kept. 
5. Calculation of the correlation coefficient (ρ) between the two bands (5, 7) is carried out. 
6. Finally, the theoretical semivariogram of the band ratio 5/7 can be calculated, by applying 
the equation 5.  
At this point every parameter is known. Var(x) and Var(y) are the sills of the actual 
semivariograms of band 5 and 7 respectively, calculated in step 2. Parameters b1 and b2 are also 
known from step 2 (range of band 5 and 7 respectively). Parameters c1 and c2 are determined in 
step 4, by a trial and error procedure. The correlation coefficient (ρ) is known from step 5. 
4. Area of Interest – Milos Island 
In Figure 6, the satellite image of Milos Island is presented. At the eastern part of the island, 
hydrothermal activity is developed (Fontaine et al. 2003), therefore it is interesting to map the 
band ratio 5/7, over this area. In Figures 7 and 8, the channels 5 and 7, respectively, over the 
eastern part of the island, are presented. In Figure 9, the band ratio 5/7 is mapped. 
 
Figure 6 – A Landsat-7 natural color composite (321) of Milos island. Hydrothermal 
manifestations are present in the studied red framed area, among other sites in the island. 
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Figure 7, 8 and 9 (Left to right) – Visualization of band 5, band 7 and ratio 5/7 respectively. 
The images above are depicting the red framed area of figure 6. 
5. Results 
In Figures 10, 11 and 12 the semivariograms of bands 5 and 7, as well as those of the ratio 5/7 are 
presented. It must be noted that in the above graphs, y-axis measures semivariance in square 
brightness values of the image, while x-axis measures distance (h) in pixels. Since the imagery has 
been pan sharpened from Landsat-7 panchromatic band with the HPF method (Nikolakopoulos et 
al. 2010, Vaiopoulos 2011), distances must be multiplied by 15, in order to be converted to meters.  
Bands 5 and 7 have a very high correlation coefficient, equal to 0.9843. 
The horizontal semivariogram of band 5 has been fitted by a stable semivariogram model with a1 = 
3200, b1 = 80, c1 = 0.8. The vertical semivariogram of band 5 has been fitted by a1 = 4000, b1 = 80, 
c1 = 1.0. The parameters of the stable model which fits the horizontal semivariogram of band 7 are 
a2 = 2500, b2 = 250, c2 = 0.8. Finally, the parameters of the stable model for the vertical 
semivariogram of band 7 are a2 = 2500, b2 = 300, c2 = 0.6.   
 
 
Figure 10 – Actual Horizontal and Vertical semivariograms (HSV, VSV) and theoretical 
horizontal and vertical semivariograms (gx, gy) of band 5. 
 
XLVII, No 3 - 1955
http://epublishing.ekt.gr | e-Publisher: EKT | Downloaded at 23/03/2020 06:04:35 |
 
Figure 11 – Actual Horizontal and Vertical semivariograms (HSV, VSV) and theoretical 
horizontal and vertical semivariograms (gx, gy) of band 7. 
 
Figure 12 – Actual Horizontal and Vertical semivariograms (HSV, VSV) and theoretical 
horizontal and vertical semivariograms (g57x est, g57y est) of band ratio 5/7. 
From the diagrams of Figures 10 and 11, it can be observed that the stable semivariogram model 
(equation 3) provides satisfactory approximation of the actual semivariograms for distance ~ 400 
pixels (or 6 km). A notable exception is the actual horizontal semivariogram of band 7 (see Figure 
11), which presents a strong ascending tendency for h more than 300 pixels (or 4.5 km). This 
curve should be fitted by a more complex semivariogram model, or by a combination of standard 
semivariogram models. However, fitting of complex semivariograms is beyond the scope of the 
present paper. Anyway, with the exception of the actual horizontal semivariogram of band 7, the 
theoretical models seem to approximate well the actual semivariograms. 
In addition, as it can be observed in Figure 12, the theoretically calculated vertical semivariogram 
according to equation 5, is in good agreement with the actual semivariogram. Considerable 
deviations between theory and actual data are observed in the case of the horizontal semivariogram 
5/7, since the stable model could not fit adequately the horizontal semivariogram of band 7.  
6. Discussion and Conclusions 
Equation (5) gives an insight on how the spatial variation of the individual spectral bands controls 
the semivariogram of the band ratio. The ratio Var(x)/Var(y) of the variances (sills) of bands x and 
y and the correlation coefficient ρ between the two bands control the sill of the semivariogram 
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γu(h) of x/y. A high Var(x)/Var(y) value favors the production of a semivariogram γu(h) with a high 
sill. On the contrary, a high correlation coefficient ρ produces a γu(h) with a low sill. 
The parameter c controls the convexity of the semivariogram γu(h) at low h values. More 
specifically, when the parameter c2 of the semivariogram of y is equal or tends to 2, the curve γu(h) 
is convex at low h values, which means that the spatial variation of the spectral ratio x/y is 
relatively smooth for small distances h between pixels. On the other hand, for c2 more than zero 
and not exceeding unity, the curve γu(h) is concave, therefore a relatively strong spatial variation 
between pixels at small distances h is developed.   
The physical meaning of these comments is that in order to produce an image of a spectral band 
ratio with clearly expressed targets of interest, such as hydrothermal zones, a high ratio 
Var(x)/Var(y) and a low correlation coefficient between x and y is needed. A low c2 value of the 
semivariogram of y (which actually means a concave semivariogram), also favors the production 
of a x/y image with a good spatial variation. 
The bands 5 and 7 of the multispectral Landsat ETM+ image of Milos island are very strongly 
correlated. This is an important reason why the band ratio of Figure 6 has a diffuse bright tonality, 
which does not help in discriminating different targets of interest. On the other hand, as long as the 
individual bands 5 and 7 are adequately fitted by the stable semivariogram model, the theoretically 
calculated semivariogram of the ratio 5/7 is in a good agreement with the actual one. 
The results and conclusions of this paper may be useful in mapping hydrothermal zones with the 
aid of multispectral imagery, in the context of a mineral exploration project.  
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